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In this note we study coincidence of pairs of ﬁber-preserving maps f , g : E1 → E2 where
E1, E2 are Sn-bundles over a space B . We will show that for each homotopy class [ f ]
of ﬁber-preserving maps over B , there is only one homotopy class [g] such that the pair
( f , g), where [g] = [τ ◦ f ] can be deformed to a coincidence free pair. Here τ : E2 → E2
is a ﬁber-preserving map which is ﬁxed point free. In the case where the base is S1 we
classify the bundles, the homotopy classes of maps over S1 and the pairs which can be
deformed to coincidence free. At the end we discuss the self-coincidence problem.
© 2010 Elsevier B.V. All rights reserved.
0. Introduction
Nielsen ﬁxed point theory has been extended for ﬁber-preserving maps mainly in two different directions. One extension
is obtained by considering ﬁber-preserving maps f : E → E where p : E → B is a bundle. Recall that f is a ﬁber-preserving
map if p ◦ f = p ◦ f¯ for some map f¯ : B → B , which we call the induced map on the base B . Then we study the ﬁxed
points by looking at all deformations of f by a homotopy which at each level is a ﬁber-preserving map. Several works in
the past 40 years have considered this problem. To exemplify two of the pioneer works of this study, see R.F. Brown [2,3].
The other extension is obtained by considering ﬁber-preserving maps f : E → E where p : E → B is a bundle but under
the restriction that the induced map f¯ on the base is the identity. Then we consider homotopies of f that at each level is
a ﬁber-preserving map that induces the identity on the base. Then one studies the ﬁxed points in this context. Two pioneer
works for this study was done by A. Dold [4] and E. Fadell, S. Husseini [5].
The study of coincidence theory of a pair of maps also extends to ﬁber-preserving maps f , g : E1 → E2, where p1 :
E1 → B1 and p2 : E2 → B2 are bundles, and in two different directions, just as for ﬁxed-point theory. In this paper, we
study the coincidence theory of ﬁber-preserving maps of the second type referred to above. More precisely, consider maps
f , g : E1 → E2, where p1 : E1 → B and p2 : E2 → B are bundles over the same space B , and p2 ◦ f = p1, p2 ◦ g = p1.
We only consider homotopies H of the maps such that the homotopy at each level Ht is a map which commutes with
the projection, i.e. p2 ◦ Ht = p1. Such maps and homotopies are called maps and homotopies over B , respectively. Several
particular cases of this coincidence problem have been considered for many years by several authors. For example,
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b) If f is the identity and we consider only deformations of g , this is the ﬁxed-point problem over B . See, for example,
[4,5,7,9–11].
c) As in case b), for the particular case where the base is S1, see [9,10,7].
d) For S1-bundles over S1, see [8].
Here, in more detail, we study the question stated above in the case when the ﬁber bundles have the same ﬁber, and
this ﬁber is the n-dimensional sphere Sn . Let E → B denote an Sn-bundle over B . We ﬁrst prove the existence of a ﬁber-
preserving map which is ﬁxed-point free. Then we solve the coincidence problem. For the case of ﬁber bundles over S1, we
describe the homotopy classes of maps over S1, and we state the results in terms of this description. Finally we discuss the
self-coincidence case.
Let τ : E2 → E2 be a ﬁberwise ﬁxed point free map (see Proposition 2.1). We show:
Theorem 2.3. Let f : E1 → E2 be a ﬁber-preserving map. Then there is an unique homotopy class of maps given by C( f ) = [τ ◦ f ]
such that the pair ( f , g) for g ∈ C( f ) can be deformed over B to a coincidence free pair. Furthermore, if the two bundles are induced
by different homomorphisms of π1(B) on π1(BGn) then a ﬁber-preserving map restricted to the ﬁber has degree zero.
For Sn-bundles over S1 we classify all homotopy classes of pairs ( f , g) of ﬁberwise maps between two such bundles. To
exemplify let n = 2 and M(A) be the twisted bundle over S1.
Proposition 3.2.
1) There exists a bijective map
[
S2 × S1, S2 × S1]S1 →
⊔
k∈Z
(
π1
(
S2
S2; fk
)
≈ Z2k
)
.
2) There exists a bijective map
[
M(A),M(A)
]
S1 →
⊔
k∈Z
(
π1
(
S2
S2; fk
)/
2π1
(
S2
S2; fk
)
≈ Z2
)
.
3) There exists a bijective map
[
M(A), S2 × S1]S1 → π1
(
S2
S2; f0
)/
2π1
(
S2
S2; f0
)
≈ Z2
where f0 is a constant map.
4) There exists a bijective map
[
S2 × S1,M(A)]S1 → π1
(
S2
S2; f0
)
≈ Z
where f0 is a constant map.
Theorem 3.3. In case 1), for each map f over S1 there is an unique homotopy class of maps [g] over S1 such that deg g| = −deg f | ,
[g] = [A ◦ f ] and the pair ( f , g) can be made coincidence free. For deg f | = 0 we have that [g] = [ f ].
In case 2), for each map f over S1 there is an unique homotopy class of map [g] over S1 such that deg g| = −deg f | , [g] = [A ◦ f ]
and the pair ( f , g) can be made coincidence free. For deg f | = 0 we have that [g] = [ f ].
In cases 3) and 4) a map over S1 will have the property that restricted to the ﬁber it has degree zero. In case 3) the set of homotopy
classes of maps over S1 is in one-to-one correspondence with Z2 , and in case 4) the set of homotopy classes of maps over S1 is in
one-to-one correspondence with π1(S2
S2 ; f0) ∼= Z, where f0 is a constant map. Moreover the pair ( f , g) can be deformed to be
coincidence free if and only if [ f ] = [g].
In general, for a pair of maps ( f , g) which cannot be made coincidence free, an interesting question is to ask for
properties of the coincidence set. Even for the cases of ﬁber-preserving maps between Sn-bundles over S1, the answer is
not clear.
The following proposition, which is useful to obtain the results of Section 2 and to study the question above, seems to
us that it has interest in its own right.
Proposition 1.2. Let f , g : E1 → E2 be a pair of maps over B where the ﬁber, the base and the total space of the second ﬁber bundle
are closed manifolds. Let ( f ′, g′) be a deformation over B of ( f , g) and C = coin( f ′, g′). Then there is a map g′′ which is a deformation
of g over B such that coin( f , g′′) ⊂ C. In particular if the pair ( f , g) can be deformed over B to ( f ′, g′) coincidence free then there is
a map g′′ which is a deformation of g over B such that ( f , g′′) is coincidence free.
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ﬁberwise maps which will be used. In Section 2 the main result is Theorem 2.3 and it is proved. In Section 3 we study
maps between S2-bundles over S1. The main result is Theorem 3.3. In Section 4 we study maps between Sn-bundles over
S1 for n 3. In Section 5 we discuss the self-coincidence problem for Sn-bundles not necessarily over S1.
1. Preliminaries
In this section we recall the classiﬁcation of Sn-bundles over a space B and derive some results about coincidence of
ﬁberwise maps over B .
Following Stasheff [15] we have that spherical bundles over a space B are classiﬁed by homotopy classes of maps
[B, BGn] where BGn is the classifying space of the group Gn of the self-homotopy equivalences of Sn . One can divide the
set [B, BGn] as follows. Recall that π1(BGn) is abelian and isomorphic to Z2. So we have a map [B, BGn] → Hom(π1(B),Z2)
for some choice of base points. For each θ ∈ Hom(π1(B);Z2) consider the subset [B, BGn]θ ⊂ [B, BGn] of the classes such
that the induced homomorphism, by the elements of the class on the fundamental group is θ . For θ trivial these classes
correspond to the orientable bundles. We will consider n 2 and for the case n = 1 see [7,8]. In the case n = 2 from [13]
we have that G2 has the homotopy type of the product SO(3) × Ω˜2o (S2).
In case of spherical bundles of vector bundles a similar and simpler analysis can be made by replacing Gn by O (n + 1).
In general is not clear how to describe the set of ﬁber-preserving maps E1 → E2 for two Sn-bundles over B . Nevertheless
the following lemma is helpful.
Lemma 1.1. Let Ei be a Sn-bundle, which is classiﬁed by a class in [B, BGn]θi ⊂ [B, BGn], for i = 1,2. If f : E1 → E2 is a map over B
and θ1 
= θ2 , then f restricted to the ﬁber is null homotopic.
Proof. Because θ1 
= θ2 it follows that there exists an element α ∈ π1(B) such that θ1(α) 
= θ2(α). So either θ1(α) = 0 and
θ2(α) = 1, or θ1(α) = 1 and θ2(α) = 0. Let Ai : Sn → Sn be a map where deg Ai = 1 if θi(α) = 0 and deg Ai = −1 if θi(α) = 1.
In case θ1(α) = 0 and θ2(α) = 1, from the naturality of the action of the π1(B) on [Sn, Sn], given by α ∗ [g] = [θi(α)  g]
where
θi(α)  g =
{
g if θi(α) = 0,
Ai ◦ g if θi(α) = 1,
we obtain that the map f | (the restriction of f to the ﬁber) has the property that f | ◦ g  A2 ◦ f | ◦ g for all g : Sn → Sn .
In particular when g = I Sn we have f |  A2 ◦ f | . In case θ1(α) = 1 and θ2(α) = 0 we obtain f |  f | ◦ A1. In either case we
have that f | is null homotopic. 
In classical coincidence theory, R. Brooks in [1] has shown that the coincidence theory of maps into a manifold (without
boundary) can be obtained by deforming only one of the maps. This fact has been shown to be useful. A weak version of
Brook’s result also holds for maps over B .
Let us assume that F2 → E2 → B is a bundle where all the spaces are manifolds. Then we have the following result for
maps over B .
Proposition 1.2. Let f , g : E1 → E2 be a pair of maps over B where the ﬁber, the base and the total space of the second ﬁber bundle
are closed manifolds. Let ( f ′, g′) be a deformation over B of ( f , g) and C = coin( f ′, g′). Then there is a map g′′ which is a deformation
of g over B such that coin( f , g′′) ⊂ C. In particular if the pair ( f , g) can be deformed over B to ( f ′, g′) coincidence free then there is
a map g′′ which is a deformation of g over B such that ( f , g′′) is coincidence free.
Proof. From Proposition 2.1 in [5] we have (E2 ×B E2, E2 ×B E2 −,π1, E2) is a locally trivial ﬁbered pair. Then there exists
(Ft ,Gt) such that the following diagram is commutative
(
E1 × 0, (E1 − C) × 0
)( f ′,g′)
(E2 ×B E2, E2 ×B E2 − )
π1
(
E1 × I, (E1 − C) × I
)
(Ft ,Gt )
ht ( f ′, f )
E2,
where ht( f ′, f ) is a homotopy beginning at f ′ and ending on f . Let g′′ = G1 and we have (F1,G1) = ( f , g′′). It is easy to
verify that coin( f , g′′) ⊂ C . The particular case follows immediately from the above. 
Now we will show how to interpret homotopy classes of ﬁberwise maps between two S-bundles over S1 in terms of
homotopy classes of path in certain function spaces, where S is a path connected space. We denote I = [0,1], h j : S → S
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space S×I
(x,0)∼(h j(x),1) is denoted by E j , j = 1,2.
Given f : E1 → E2 there is an unique map F : S × I → S × I which covers f and commutes with the projections q1,q2.
The restrictions of F to S ×{0}, S ×{1}, denoted by f¯0, f¯1, respectively, they satisfy the following relation: f¯1 = h2 ◦ f¯0 ◦
h−11 . Given f : E1 → E2 denote by α( f ) ∈ (S S )I the path deﬁned by the adjoint of the ﬁrst coordinate map of F .
If θ : I → S S is a path denote by h2θh−11 : I → S S the path given by h2θh−11 (t) = h2 ◦ θ(t) ◦ h−11 .
Proposition 1.3. Let f , g : E1 → E2 be two ﬁber maps such that f¯0 = g¯0 . Then these two maps are ﬁberwise homotopic if and only if
there is a loop θ at f¯0 such that the paths α( f ) and θ ∗ α(g) ∗ (h2θh−11 )−1 are homotopic relative to the end points.
Proof. The “if part”. Given a loop θ at f¯0 and a homotopy G : I × I → S S such that G(t,0) = α( f )(t), G(t,1) = θ ∗ α(g) ∗
(h2θh
−1
1 )
−1(t), G(0, s) = f¯0 and G(1, s) = f¯1, then G deﬁnes a homotopy H : S × I × I → S × I given by
H(x, t, s) =
{
(G(t,2s)(x), t) if 0 s 1/2,
(G(t + (2s − 1)(1− 2t)/3,1)(x), t) if 1/2 s 1
such that H(x, t,0) = F (x, t), H(x, t,1) = G(x, t), H(x,0, s) = (( f¯0 ∗ θ)(s)(x),0) and H(x,1, s) = (( f¯1 ∗ (h2θh−11 ))(s)(x),1).
This induces a ﬁberwise homotopy T : E1 × I → E2 between f and g given by T (〈x, t〉, s) = 〈H(x, t, s)〉.
Conversely, given a homotopy over S1 between f and g then this homotopy lifts to a homotopy H : S × I × I → S × I
given by H(x, t, s) = (H1(x, t, s), t) such that H1(x, t,0) = α( f )(t)(x) and H1(x, t,1) = α(g)(t)(x). Then θ : I → S S given
by θ(s)(x) = H1(x,0, s) deﬁnes a loop in f¯0 because g¯0 = f¯0 and H1(x,1, s) = (h2θh−11 )(s)(x) because H1(h−11 (x),0, s) =
h−12 H1(x,1, s). Therefore G : I × I → S S given by
G(s,u)(x) =
⎧⎪⎨
⎪⎩
θ(3s)(x) if 0 s u/3,
H1(x, (3s − u)/(3− 2u),u) if u/3 s 1− u/3,
(h2θh
−1
1 )
−1(3s − 2)(x) if 1− u/3 s 1
satisﬁes G(s,0)(x) = α( f )(s)(x), G(s,1)(x) = (θ ∗ α(g) ∗ (h2θh−11 )−1)(s)(x), G(0,u)(x) = f¯0(x) and G(1,u)(x) = f¯1(x). 
We know that given two points x0, x1 ∈ X of the same path connected component of X and λ a path from x0 to x1, then
by means of λ we can identify the homotopy classes of the paths connecting x0 to x1 with elements of π1(X, x0) and also
π1(X, x1) with π1(X, x0) through an isomorphism. Also given a function f : X → X such that f (x0) = x1 then using λ we
obtain a self-homomorphism of π1(X, x0) which is the composite of f# with the transport along λ. Consequently we can
talk about the Reidemeister classes of this homomorphism which we call Reidemeister classes of f with respect to λ. So we can
state:
Corollary 1.4. We can identify the homotopy classes of the paths connecting f¯0 to f¯1 with elements of π1(S S , f¯0) by means of some
path λ from f¯0 to f¯1 . The homotopy classes of ﬁber maps are in one-to-one correspondence with the Reidemeister classes of the map
f → h2 ◦ f ◦ h−11 with respect to the path λ. In the particular case where π1(S S , f¯0) is abelian, it follows that this set is in one-to-one
correspondence with the quotient of π1(S S , f¯0) by the transport of the subgroup generated by the elements of the form θ(h2θh
−1
1 )
−1
for θ ∈ π1(S S , f¯0). In particular if π1(S S , f¯0) = Z2 then this quotient group is Z2 .
Proof. The ﬁrst part is classical. For the second part it follows from Proposition 1.3 that there exists θ ∈ π1(S S , f¯0) such
that [α( f ) ∗ (h2θh−11 )] = [θ ∗ α(g)]. Therefore [α( f ) ∗ λ−1 ∗ λ ∗ (h2θh−11 ) ∗ λ−1] = [θ ∗ α(g) ∗ λ−1] and so α( f ) ∗ λ−1 and
α(g)∗λ−1 are in the same Reidemeister classes. If π1(S S , f¯0) is abelian then it follows from [6, 2, Example 1] that the set of
the Reidemeister classes of the map f → h2 ◦ f ◦ h−11 with respect to the path λ is in one-to-one correspondence with the
quotient of π1(S S , f¯0) by the subgroup generated by the elements of the form θ ∗ λ ∗ (h2θh−11 )−1 ∗ λ−1 for θ ∈ π1(S S , f¯0).
The rest is straightforward where we use that the only automorphism of Z2 is the identity. So the subgroup such that the
Reidemeister classes are the cosets, is the trivial subgroup and the result follows. 
2. Main results for spherical bundles
Let E → B be a Sn-bundle.
Proposition 2.1. There is a ﬁber-preserving map τ : E → E which is ﬁxed point free and the degree of τ|Sn is 1 if n is odd and it is −1
if n is even. Furthermore, any two such maps are ﬁberwise homotopic by a homotopy which is ﬁxed point free at each level.
1764 D.L. Gonçalves et al. / Topology and its Applications 157 (2010) 1760–1769Proof. Let us consider the ﬁbration E ×B E −  → E where the map is the projection on the ﬁrst variable and the ﬁber is
Sn − {y0}. By obstruction theory, see [16, VI, 6, Theorem 6.3], and the fact that the ﬁber is contractible, it follows that the
ﬁbration admits a section. But a section s : E → E ×B E −  determines a map τ : E → E (the second coordinate) which is
ﬁberwise and has no ﬁxed point since s(x) = (x, τ (x)) ∈ E ×B E − . Since the restriction of τ to the ﬁber Sn is ﬁxed point
free the result about the degree of τ|Sn follows immediately. This concludes the ﬁrst part.
For the second part suppose we have two such maps τ0, τ1. Then we have two sections si(x) = (x, τi(x)), i = 0,1. But
the obstructions to deform one section into another vertically are trivial [16, VI, 6, Theorem 6.5]. So the two sections
are homotopic. So we have H : E × I → E ×B E −  which satisﬁes H(x, t) = (x, τt(x)). The second coordinate provides a
homotopy between τ0 and τ1. 
Proposition 2.2. A map τ given by the proposition above has the property that τ 2 is ﬁberwise homotopic to the identity.
Proof. The pairs (τ , id) and (τ , τ 2) are coincidence free. So they can be regarded as maps E → E ×B E − and they project
(the ﬁrst coordinate) to the same map. So by similar argument as in the previous proposition the result follows. 
The map τ is like a ﬁxed point free involution up to homotopy.
Remarks 2.1. The map τ is not homotopic over B to the identity if n is even, since its restriction to the ﬁber Sn has
degree −1. For the case where n is odd, despite the fact that the restriction of τ to the ﬁber is homotopic to the identity,
we can have τ not homotopic over B to the identity. The latter case happens when the bundle is K → S1 where K is the
Klein bottle and the ﬁber map is the usual projection, see [8].
Now we derive the main result for coincidence.
Theorem 2.3. Let f : E1 → E2 be a ﬁber-preserving map, where E1 → B and E2 → B are Sn-bundles. Then there is an unique
homotopy class of maps given by C( f ) = [τ ◦ f ] such that the pair ( f , g) for g ∈ C( f ) can be deformed over B to a coincidence
free pair. Furthermore, if the two bundles are induced by different homomorphisms of π1(B) on π1(BGn) then a ﬁber-preserving map
restricted to the ﬁber has degree zero.
Proof. Let τ be a map given by the previous result, i.e. a ﬁber-preserving map τ : E2 → E2 which is ﬁxed point free. So the
pair ( f , τ ◦ f ) is certainly coincidence free. This show the existence.
By Proposition 1.2, without loss of generality let ( f , g), ( f , g′) be two pairs of coincidence free maps. Then we have a
pair of maps ( f , g), ( f , g′) : E1 → E2 ×B E2 − . Again by obstruction theory, see Proposition 2.1, we have that these two
maps are ﬁberwise homotopic. This implies that the two maps g, g′ are ﬁberwise homotopic and the ﬁrst part follows. The
second part follows from Lemma 1.1. 
3. S2-bundles over S1
In this section we study the coincidence of ﬁber maps between S2-bundles over S1. We describe the homotopy classes of
maps between two such bundles and using this description we describe the pairs of maps which can be made coincidence
free.
We will use Proposition 1.3. In our case the maps h1,h2 are either the identity or a map of degree −1. For convenience
of some speciﬁc calculation we can choose the map of degree −1 as the antipodal map or the suspension of the conjugation
map r : S1 → S1. Denote in either case the map of degree −1 by A1. Recall that there are two non-isomorphic S2-bundles
over S1. In both cases we have a map A : E → E over S1 that restricted to each ﬁber is the antipodal map. One of
the bundles is the product S2 × S1 and the other one, denoted by M(A), is the quotient S2 × I/(x,0) ∼ (A(x),1) with the
obvious projection. We will describe the set of homotopy classes over S1 in the following cases: case 1) [S2 × S1, S2 × S1]S1 ,
case 2) [M(A),M(A)]S1 , case 3) [M(A), S2× S1]S1 and case 4) [S2× S1,M(A)]S1 . For each integer k 0 let us ﬁx one model
of a map, denoted by fk , which has degree k. Also let us choose f0 to be a constant map and f1 the identity map. For k < 0
let fk be the composite A ◦ f−k where A is the antipodal map.
Let h : S3 → S2 denote the Hopf map and A : S2 S2 → S2 S2 the map given by A(g) = A ◦ g , for all g ∈ S2 S2 .
Lemma 3.1.We have that π1((S2)S
2 ; f0) ∼= Z where a generator is [H] for H : S1 → (S2)S2 given by H(x)(y) = h ◦ π(x, y), x ∈ S1 ,
y ∈ S2 and π is the projection S1 × S2 → S1×S2
S1∨S2 = S3 . Furthermore [A ◦ H] = [H].
Proof. Let x0 ∈ S2 be a base point, f0 : S2 → S2 given by f0(y) = x0, ∀y ∈ S2 and we consider the evaluation map ev :
(S2)S
2 → S2 given by ev( f ) = f (x0). Then ev is a ﬁbration with ﬁber over x0 given by (S2, x0)(S2,x0) . But ev has a section
s : S2 → (S2)S2 given by s(x) = x¯, ∀x ∈ S2 where x¯ : S2 → S2 is given by x¯(y) = x, ∀y ∈ S2. Then using the homotopy exact
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2
, f0) ∼= π1((S2, x0)(S2,x0), f0). Since π1((S2, x0)(S2,x0), f0) ∼= Z it
follows that π1((S2)S
2 ; f0) ∼= Z.
A correspondence between Z and π1((S2, x0)(S
2,x0), f0) is given as follows: the element 1 ∈ Z corresponds to the class
of the map H : S1 → (S2, x0)(S2,x0) given by the composite of the Hopf map h : S3 → S2 with the projection π : S1 × S2 →
S1×S2
S1∨S2 = S3. The composition with the antipodal A on the left corresponds to the composite A ◦ H : S1 → (S2x0 )
S2x0 . But we
know that A ◦ H = (deg(A))2H = H and therefore [A ◦ H] = [H] and we have that the involution on π1((S2x0 )S
2
x0 , f0) is the
identity. 
Remarks 3.1. An immediately consequence of the lemma above is that a pair ( f , g) such that deg f | = deg g| = 0 can be
deformed to be coincidence free if and only if the two maps are homotopic.
Proposition 3.2. In case 1) there exists a bijective map
[
S2 × S1, S2 × S1]S1 →
⊔
k∈Z
(
π1(S
2 S
2; fk) ≈ Z2k
)
.
In case 2) there exists a bijective map
[
M(A),M(A)
]
S1 →
⊔
k∈Z
(
π1
(
S2
S2; fk
)/
2π1
(
S2
S2; fk
)
≈ Z2
)
.
In case 3) there exists a bijective map
[
M(A), S2 × S1]S1 → π1
(
S2
S2; f0
)/
2π1
(
S2
S2; f0
)
≈ Z2
where f0 is a constant map.
In case 4) there exists a bijective map
[
S2 × S1,M(A)]S1 → π1
(
S2
S2; f0
)
≈ Z
where f0 is a constant map.
Proof. First we recall from [13] that π1(S2
S2 ; fk) is isomorphic to the cyclic group Z2k . Now we apply Corollary 1.4. It
suﬃces to compute the subgroup such that the quotient gives the Reidemeister classes. From the lemma above the result
does not depend on h2. On the other hand if h1 is the identity we obtain that the subgroup is the trivial subgroup and for
h1 of degree −1 the subgroup is 2 times the group. So the result follows for each case. 
Theorem 3.3. In case 1), for each map f over S1 there is an unique homotopy class of map [g] over S1 such that deg g| = −deg f | ,
[g] = [A ◦ f ] and the pair ( f , g) can be made coincidence free. For deg f | = 0 we have that [g] = [ f ].
In case 2), for each map f over S1 there is an unique homotopy class of map [g] over S1 such that deg g| = −deg f | , [g] = [A ◦ f ]
and the pair ( f , g) can be made coincidence free. For deg f | = 0 we have that [g] = [ f ].
In cases 3) and 4) a map over S1 will have the property that restricted to the ﬁber has degree zero. In case 3) the set of homotopy
classes of maps over S1 is in one-to-one correspondence with Z2 , and in case 4) the set of homotopy classes of maps over S1 is in one-
to-one correspondence with π1(S2
S2 ; f0) ∼= Z, where f0 is a constant map. Moreover the pair ( f , g) can be deformed to coincidence
free if and only if [ f ] = [g].
Proof. The proof follows from Theorem 2.3, Proposition 3.2 and Lemma 3.1. 
4. Sn-bundles over S1 for n 3
In this section we study the coincidence of ﬁber maps between Sn-bundles over S1 for n 3. We describe the homotopy
classes of maps between two such bundles and using this description we describe the pair of maps which can be made
coincidence free. Part of the analysis is similar to the one made in the previous section. Under these circumstance we omit
some details of the analyzes.
Recall that there are two non-isomorphic Sn-bundles over S1. In both cases we have a map A : E → E over S1 that
restricted to each ﬁber is the antipodal map. One of the bundles is the product Sn × S1 with the projection on the second
coordinate, and the other one is the quotient of Sn × I/(x,0) ∼ (φ(x),1) with the obvious projection over S1, for some
homeomorphism of Sn . The homeomorphism φ is the antipodal map if n is even and the map of degree −1 which changes
the sign of the last coordinates of the sphere if n is odd. Denote this total space by Kn . We will divide the study into four
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domain is Kn and the target is Sn × S1. Case 4: the domain is Sn × S1 and the target is Kn . For each integer k 0 let us ﬁx
one model of a map from Sn to Sn , denoted by fk , which has degree k. Also let us choose f0 be a constant map and f1 the
identity map.
For k < 0 let fk be the composite φ ◦ f−k where φ is deﬁned above. Let Ck denote the set of homotopy classes of maps
over S1 such that the map restricted to a ﬁber has degree k.
Proposition 4.1. In case 1) there exists a bijective map
[
Sn × S1, Sn × S1]S1 →
⊔
k∈Z
(
π1
(
SnS
n ; fk
)
≈ Z2
)
.
In case 2) there exists a bijective map
[Kn, Kn]S1 →
⊔
k∈Z
(
π1
(
SnS
n ; fk
)
≈ Z2
)
.
In case 3) there exists a bijective map
[Kn, Sn × S1]S1 → π1
(
SnS
n ; f0
)
≈ Z2
where f0 is a constant map.
In case 4) there exists a bijective map
[
Sn × S1, Kn
]
S1 → π1
(
SnS
n ; f0
)
≈ Z2
where f0 is a constant map.
Proof. By Lemma 4.3 π1(Sn
Sn
) is isomorphic to Z2 for any base point. Then the result follows by Corollary 1.4. 
In order to analyze the coincidence of pairs of maps we look at several cases separately. First we have:
Lemma 4.2. If f is a ﬁber map such that the degree f |Sn is zero, then ( f , f ) can be deformed to a coincidence free pair. Therefore
( f , g) can be deformed to be coincidence free if and only if [ f ] = [g].
Proof. Let f be a ﬁber map such that the degree f |Sn is zero. Our goal is to show that [A◦ f ] = [ f ]. The map [ f ] → [A◦ f ]
provides an involution on the set C0, which is in one-to-one correspondence with Z2. The bijection between C0 and Z2
is given as follows: The 1 ∈ Z2 corresponds to the composite of the element of the homotopy of the sphere η which is
represented by a non-trivial map Sn+1 → Sn with the projection S1 × Sn → Sn+1. The composition with A corresponds
to compose the above map with the antipodal on the left. But we know that A ◦ η = η, since the maps are suspension,
see [16]. So the result follows. 
Remarks 4.1. The lemma above is not true for n = 1, see Appendix A.
In case 1 given a map f over S1, this map deﬁnes an integer k, which is the degree of f restricted to the ﬁber, and
determines a loop on the function space Sn S
n
with base point the map f |Sn . We can assume that f |Sn is fk .
Lemma 4.3. We have π1(Sn
Sn ; fk) ∼= Z2 . The map A : Sn Sn → Sn Sn given by A( f ) = A ◦ f induces (A)# : π1(Sn Sn ; fk) →
π1(Sn
Sn ; A ◦ fk = f(−1)n+1k) which is the identity (after the suitable identiﬁcation of paths and loops) if and only if either k = 0
or n is odd. Therefore a pair ( f , f ) can be deformed to be coincidence free if and only if either k = 0 or n is odd.
Proof. Let ∗ be a base point in Sn and Sn Sn ev→ Sn the evaluation at ∗. This map is a ﬁbration with ﬁber over ∗ the
function space (Sn,∗)(Sn,∗) . From the long exact sequence of homotopy groups associated to the ﬁbration above we
get that π1(Sn
Sn
, fk) ∼= π1((Sn,∗)(Sn,∗), fk). But (Sn,∗)(Sn,∗) = Ωn(Sn) and so π1(Sn Sn , fk) ∼= [S1,Ωn(Sn)] = [Σn S1, Sn] =
Πn+1(Sn) ≈ Z2 [14]. This concludes the ﬁrst part. For the second part ﬁrst we observe that the “only if part” is clear since
we must have k = (−1)n+1k. The “if part” follows from Corollary 1.4 and Theorem 3.3. 
Let n be even.
Lemma 4.4. In case 2) for each map f over B, there is an unique homotopy class of map [g] such that g ∈ C−k and such that the pair
( f , g) can be made coincidence free. Further [g] = [A ◦ f ], and [g] = [ f ] if and only if k = 0.
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Lemma 4.2. 
It remains to consider n odd, case 2) and degree of f |Sn not zero.
From now on let n be odd. We observe that for n odd the map [ f ] → [A ◦ f ] is a self-map of Ck which is an involution
of Ck . So we would like to decide for which maps f we have [ f ] = [A ◦ f ].
For maps between two Sn-bundles over S1 we have the following result:
Proposition 4.5. Let n be odd and f : Kn → Kn a ﬁber map. Then ( f , f ) can’t be deformed to be coincidence free if deg( f |Sn ) 
= 0.
Proof. The proof here is a generalization of the proof given in Appendix A for the case n = 1. First we are going to
show that the identity and antipodal map A are not in the same homotopy class over S1 if n 3 is odd. Let us con-
sider SO(2n + 2) ⊂ S2n+1 S2n+1 and regard S2n+1 as the sphere in Cn+1. Let rθ : S1 → S1 be the rotation of angle θ
and Rθ (z1, z2, . . . , zn, zn+1) = (rθ (z1), rθ (z2), . . . , rθ (zn), rθ (zn+1)). It holds that CRθC(z1, z2, . . . , zn, zn+1) = (rθ (z1), rθ (z2),
. . . , rθ (zn), r(−θ)(zn+1)) where C : S2n+1 → S2n+1 is given by C(z1, z2, . . . , zn, zn+1) = (z1, z2, . . . , zn, zn+1) and zn+1 is the
conjugate of zn+1. Let us consider a homotopy H of the constant path α : I → S2n+1 S
2n+1
at the point A such that H(0) = α,
H(0,1) = idS2n+1 , H(1,1) = idS2n+1 , H(1, t) = CH(0, t)C . It is not diﬃcult to construct such H which also has the property
that H(s,1) : S2n+1 → S2n+1 is given by
H(s,1)(z1, z2, . . . , zn, zn+1) =
{
R2π s(z1, z2, . . . , zn, zn+1) if 0 s 1/2,
(r2π(1−s)z1, . . . , r2π(1−s)zn, r2π szn+1) if 1/2 s 1.
This loop is homotopic to the loop given by β(s)(z1, z2, . . . , zn, zn+1) = (z1, z2, . . . , zn, r2π s(zn+1)). From the inclusion
SO(2) ↪→ SO(2n + 2) on the last two coordinates follows that the homotopy class of the loop above is non-trivial and the
result follows. Now let us consider the general case, i.e. the map restricted to the ﬁber has degree k 
= 0. We work on the
space of the functions space of the base points maps (Sn,∗)(Sn,∗) . We use the fact that the generator for π1((Sn,∗)(Sn,∗), fk)
is the homotopy class of the loop α : I → (Sn,∗)(Sn,∗) such that α(t) is given by the composite of fk with the rotation of
the angle 2πt around a ﬁxed axis. Now we use the procedure for n = 1 to obtain that A ◦ f is not homotopic to f and the
result follows. 
Such examples of ( f , f ) which cannot be deformed to be coincidence free do not exist in the absolute case for maps
into a sphere Sn of odd dimension.
5. Self-coincidences
In this section we make a few considerations about the self-coincidence problem where we assume that the two spher-
ical ﬁber bundles have the same ﬁber, but the base B is arbitrary. For the case where B = S1 the coincidence free problem
has been analyzed in the previous section, in particular the self-coincidence problem.
Given a map f : E1 → E2, where Ei are Sn-bundles over B , we would like to know if the pair ( f , f ) can be deformed to
a coincidence free pair. First we derive some simple necessary conditions.
Lemma 5.1. If a pair ( f , f ) can be deformed to a coincidence free pair then either n is even and degree of f |Sn is zero, or n is odd.
Proof. Let f |Sn : Sn → Sn be the restriction of f to the ﬁber. Then ( f |Sn , f |Sn ) can be deformed to a coincidence free pair
which implies that f |Sn must be homotopic to A ◦ f |Sn . From known results about self-maps of the sphere the results
follows. 
Observe that if E1, E2 satisfy the hypothesis of the Lemma 1.1 then the necessary condition deg( f |Sn ) = 0 given by the
Lemma 5.1 always holds (see Lemma 1.1).
The converse of Lemma 5.1, by Lemma 4.2, holds for Sn-bundles over S1 for n even, and for n > 1 odd and degree of
f |Sn zero. From Appendix A it does not hold for S1-bundles over S1. More precisely, for any map f : K → K over S1, the
pair ( f , f ) cannot be deformed coincidence free. Also from Proposition 4.2 it does not hold for n > 1 odd and degree of
f |Sn equal to 1.
We close with an example where the converse of Lemma 5.1, does not hold for n even and degree zero.
Example 5.2. Let us give an example to show that the converse of Lemma 5.1, for n even and degree of f |Sn zero, does not
hold. Let E = S4 × S3 be the total space of the trivial bundle with ﬁber S4, and f : E → E the map which ﬁrst coordinate
map is the composite of the Hopf map H : S7 → S4 with the projection S4 × S3 → S7. Recall that the adjoint of this
composite f¯ : S4 × S3 → S4 is a map S3 → (S4,∗)(S4,∗) which provides a ﬁberwise map of the trivial bundles. But the
1768 D.L. Gonçalves et al. / Topology and its Applications 157 (2010) 1760–1769composite of the Hopf map H : S7 → S4 with the antipodal map A : S4 → S4, by [12], is A ◦ H = H − ν , where ν is a
generator of the cyclic part of π7(S4). Therefore A ◦ H is not homotopic to H which implies that f is not homotopic to
A ◦ f . Since f |S4×∗ is the constant map the result follows.
For E1, E2 Sn-bundles over S1 the result for self-coincidence can be obtained from Sections 3 and 4.
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Appendix A
Let us consider S1-bundles over S1. Among other results, the coincidence theory for ﬁber maps between these bundles
has been completely studied in [8]. Also a classiﬁcation of the set of homotopy classes of ﬁber maps between two such
bundle is obtained. Here we obtain by different methods the classiﬁcation of homotopy classes of ﬁber maps and we
classify the pair of maps which can be deformed to be coincidence free. One reason to do this is because the approach used
here can be applied to certain Sn-bundles for n > 1.
We begin with the classiﬁcation of the ﬁberwise maps. First we observe that π1((S1,∗)(S1,∗)) is trivial for any base point.
This follows from the fact that π2(S1,∗) is trivial. Let us consider the ﬁbration S1 S
1 ev→ S1, where the projection ev is the
evaluation at ∗ and the ﬁber over ∗ is (S1,∗)(S1,∗) . From the homotopy long exact sequence it follows that π1(S1 S
1
) is
isomorphic to π1(S1) ≈ Z.
A ﬁber map between two S1-bundles over S1 determines either a loop or a path on the space of the free loops S1
S1
.
We use the notation of fk for a self-map of S1 of degree k as in Sections 3 and 4. The two ﬁber bundles in our case are
S1 × S1 and K (Klein bottle), respectively. The cases from 1 to 4, mentioned below, are as the ones in Sections 3 and 4.
Proposition 5.3. In case 1) there exists a bijective map
[
S1 × S1, S1 × S1]S1 →
⊔
k∈Z
(
π1
(
S1
S1; fk
)
≈ Z
)
.
In case 2) there exists a bijective map
[K , K ]S1 →
⊔
k∈Z
(
π1
(
S1
S1; fk
)/
2π1
(
S1
S1; fk
)
≈ Z2
)
.
In case 3) there exists a bijective map
[
K , S1 × S1]S1 → π1
(
S1
S1; f0
)
≈ Z
where f0 is a constant map.
In case 4) there exists a bijective map
[
S1 × S1, K ]S1 → π1
(
S1
S1; f0
)/
2π1
(
S1
S1; f0
)
≈ Z2
where f0 is a constant map.
Proof. Arguing as in Proposition 1.3, every ﬁber map provides a loop or a path in S1
S1
and after some identiﬁcation a well
deﬁned element of a quotient of π1(S1
S1
). From now on the situation here differs from that one in Proposition 1.3 since
we cannot identify a homotopy class in free loops with a homotopy class in based loops. By means of the isomorphism
ev# : π1(S1 S
1
) → π1(S1) ≈ Z we obtain a well deﬁned element of a quotient of Z. In case the target is S1 × S1 we obtain Z
and in the case the target is K (so the gluing function is the conjugation) then we obtain Z2. We apply this for the 4 cases
above and the result follows. 
Now we classify the pairs of homotopies ([ f ], [g]) such that if f ′ ∈ [ f ] and g′ ∈ [g] then the pair ( f ′, g′) can be made
coincidence free.
Proposition 5.4. Let f : E1 → E2 be a ﬁber map where E1, E2 are S1-bundles over S1 . Then:
1) If E2 = S1 × S1 then ( f , g) can be deformed over S1 to a coincidence free pair if and only if [ f ] = [g].
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3) If E1 = E2 = K then ( f , f ) can’t be deformed over S1 to a coincidence free pair for any ﬁber map f .
Proof. Part 1). Let A × id : S1 × S1 → S1 × S1 where A : S1 → S1 is the antipodal map. Since A × id is homotopic over S1
to id× id, follows that ( f , f ) is homotopic to ( f ,A ◦ f ), which is a coincidence free pair. The “only if part” follows by the
uniqueness given in Section 2.
Part 2). We have that the map f restricted to the ﬁber has degree zero and we also know that we have two homotopy
classes. Let us consider the map f1 which is the composite of the projection followed by the section s0 of K → S1 given
by s0(x) = (x,0) (see [8]). If we compose f1 with A we obtain the map f2 which is the composite of the projection with
the section s1(x) = (x,1/2). If we deform f2 such that at the ﬁber S1 is the constant at (0,0) then we get a loop on S1 S
1
which projects by the evaluation on the generator of π1(S1) consequently non-trivial in Z2. So the result follows.
Part 3). Let us suppose that degree of f |S1 is one. Consider the two functions the identity and the antipodal map A. We
are going to show that they are not in the same homotopy class over S1. Let us consider a homotopy H of the constant
path α : I → S1 S1 at the point A such that H( ,0) = α, H(0,1) = idS1 , H(1,1) = idS1 , H(1, t) = CH(0, t)C , where C : S1 → S1
is the complex conjugation. It is not diﬃcult to construct such H which also has the property that H(s,1) : S1 → S1 is the
rotation of angle 2π s. But we know that this loop is not homotopic to the constant loop since by means of the induced
homomorphism of the evaluation map (as explained in part 2), is mapped to a non-trivial element of π1(S1), and the result
follows. For the cases where the degree of f |S1 is k 
= 1 we will reduce the problem to that where the degree is 1. Let
h : K ×S1 K → K be the map which restricted to S1 × S1 ⊂ K ×S1 K is deﬁned by h(x, y) = xy−1 using the multiplication
of S1. This is a well deﬁned map since it is compatible with the conjugation used to construct K . Then we consider the
maps h ◦ ( f , fk−1) and we get the result. 
References
[1] R. Brooks, On removing coincidences of two maps when only one, rather than both of them, may be deformed by a homotopy, Paciﬁc J. Math. 40 (1)
(1972) 45–52.
[2] R.F. Brown, The Nielsen number of a ﬁbre map, Ann. of Math. 85 (2) (1967) 483–493.
[3] R.F. Brown, Fixed points and ﬁbre, Paciﬁc J. Math. 21 (1967) 465–472.
[4] A. Dold, The ﬁxed point index of ﬁbre-preserving maps, Invent. Math. 25 (1974) 281–297.
[5] E. Fadell, S. Husseini, A Fixed Point Theory for Fiber Preserving Maps, Lecture Notes in Mathematics, vol. 886, Springer-Verlag, 1981, pp. 49–72.
[6] D. Ferrario, Computing Reidemeister classes, Fund. Math. 158 (1) (1998) 1–18.
[7] D.L. Gonçalves, Fixed point of S1-ﬁbrations, Paciﬁc J. Math. 129 (1987) 297–306.
[8] D.L. Gonçalves, U. Koschorke, Nielsen coincidence theory of ﬁbre-preserving maps and Dold’s ﬁxed point index, Topol. Methods Nonlinear Anal. 33 (1)
(2009) 85–103.
[9] D.L. Gonçalves, D. Penteado, J.P. Vieira, Fixed points on torus ﬁber bundles over the circle, Fund. Math. 183 (1) (2004) 1–38.
[10] D.L. Gonçalves, D. Penteado, J.P. Vieira, Fixed points on Klein bottle ﬁber bundles over the circle, Fund. Math. 203 (3) (2009) 263–292.
[11] D.L. Gonçalves, D. Penteado, J.P. Vieira, Abelianized obstruction for ﬁxed points of ﬁber-preserving maps of surface bundles, Topol. Methods Nonlinear
Anal. 33 (2) (2009) 293–305.
[12] D.L. Gonçalves, D. Randall, Self-coincidence of maps from Sq-bundles over Sn to Sn , Bol. Soc. Mat. Mexicana 10 (3) (2004) 181–192 (Special Issue).
[13] V.L. Hansen, On the space of maps of a closed surface into the 2-sphere, Math. Scand. 35 (1974) 149–158.
[14] H. Toda, Composition Methods in Homotopy Groups of Spheres, Annals of Mathematics Studies, vol. 49, Princeton University Press, 1962.
[15] J.D. Stasheff, A classiﬁcation theorem for ﬁbre spaces, Topology 2 (1963) 239–246.
[16] G. Whitehead, Elements of Homotopy Theory, Springer-Verlag, New York, 1978.
